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A representation D (g) of a group G with elements g may be classified as

real, pseudoreal or complex, according to the transformation

D∗ (g) = SD (g)S−1 (1)
If no such S exists, thenD∗ andD are independent representations andD is
said to be complex. If S does exist, then if it is symmetric, the representation
is real, and if it is antisymmetric, the representation is pseudoreal.

Although 1 can be used to define the type of representation, it’s not easy
to actually determine the type from this condition, as it requires knowing
not only the representation matrices D (g) for every group element, but also
finding (or not, if the representation is complex) the transformation matrix
S.

Fortunately, there is a method of determining the type of representation
using only the characters of the classes of the group. Zee gives a derivation
in Chapter II.4, but it’s worth going through it here.

Theorem 1. First, we need to find an invariant bilinear for a representation
that is real or pseudoreal. We’ll consider a representation D(r) (g) which
has dimension dr, and consider two sets x and y of dr objects each, where
each object may be thought of as a dr-dimensional column vector. Then
yTSx, where S is the matrix in 1, is invariant under transformation by
D(r) (g).

Proof. We consider how x and y transform when multiplied by the matrices
D(r) (g), so we’re considering x 7→ D(r) (g)x and y 7→ D(r) (g)y. In what
follows, we’ll drop the (r) superscript, since we’re always talking about a
specific representation. As always, we’re taking D (g) to be unitary, so

D† (g) =D∗T (g) =D−1 (g) (2)

This means that

(D∗ (g))−1 = (D∗ (g))† =DT (g) (3)
so the inverse of 1 is

1
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DT (g) = SD† (g)S−1 (4)

Now consider how yTSx transforms, where S is the matrix in 1. We have

yTSx 7→ (D (g)y)T S (D (g)x) (5)

= yTDT (g)SD (g)x (6)

= yTSD† (g)S−1SD (g)x (7)

= yTSD† (g)D (g)x (8)

= yTSx (9)

Thus yTSx is a bilinear invariant under D (g). �

Corollary 1. The converse of this is that if yTSx is invariant, then D (g)
andD∗ (g) are equivalent, so the representation is either real or pseudoreal.

Proof. from 6 we must have

S =DT (g)SD (g) (10)

Since D is hermitian, (
DT
)−1

=DT† =D∗ (11)

so multiplying 10 on the left by D∗ (g) we get

D∗ (g)S = SD (g) (12)

or

D∗ (g) = SD (g)S−1 (13)

which agrees with 1. �

We can now derive the test for the reality or otherwise of a representation.
Consider the matrix

S ≡ ∑
g∈G

DT (g)XD (g) (14)

where X is, at the moment, an arbitrary matrix with the same dimension as
D (g). Then
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DT (g)SD (g) = ∑
g′∈G

DT (g)DT
(
g′
)
XD

(
g′
)
D (g) (15)

= ∑
g′∈G

[
D
(
g′
)
D (g)

]T
XD

(
g′
)
D (g) (16)

= ∑
g′∈G

DT
(
g′g
)
XD

(
g′g
)

(17)

where on the RHS, the element g is fixed and g′ is summed. From the
multiplication theorem, the sum in the last line is equivalent to the sum in
14, since the product g′g rearranges the elements of G, but still includes all
of them. Thus we find that

DT (g)SD (g) = S (18)
and therefore

yTSx 7→ yTDT (g)SD (g)x (19)

= yTSx (20)

From the corollary above, this implies that D (g) must be real or pseudo-
real. If D (g) is complex, then S must be zero. [OK, technically, yTSx is
still ’invariant’ if S = 0 since yTSx = 0 in this case, but we’re looking for
nontrivial solutions.]

Up to now, all this is valid for any matrix X . If we now take Xi` = δi` so
that the entry in the ith row and `th column is the only nonzero entry, then

[
DT (g)XD (g)

]jk
=
(
DT (g)

)ji
(D (g))`k (21)

= (D (g))ij (D (g))`k (22)

[To see how this works, refer to the proof of the Great Orthogonality Theo-
rem.]

For a complex representation, we therefore must have

∑
g∈G

D (g)ijD (g)`k = 0 (23)

and this must be true for all i, j,k,`.
We can now set j = ` and sum to get

∑
g∈G

∑
j

D (g)ijD (g)jk = 0 (24)

http://physicspages.com/pdf/Group%20theory/Group%20multiplication%20tables%20and%20order-6%20groups.pdf
http://physicspages.com/pdf/Group%20theory/Great%20orthogonality%20theorem.pdf
http://physicspages.com/pdf/Group%20theory/Great%20orthogonality%20theorem.pdf


TEST FOR REAL, PSEUDOREAL AND COMPLEX REPRESENTATIONS 4

The product ∑jD (g)ijD (g)jk is the ik component of the matrix product
D (g)D (g). Since D is a group representation, this is the same as

D (g)D (g) =D
(
g2) (25)

so we have

∑
g∈G

D
(
g2)= 0 (26)

We can take the trace of this sum to get the characters χ
(
g2), so in terms

of characters we have

∑
g∈G

χ
(
g2)= 0 (27)

At this point, we need a lemma as follows:

Lemma 1. If two group elements g1 and g2 are in the same class, then so
are g2

1 and g2
2 .

Proof. We are given

D (g2) = SD (g1)S
−1 (28)

Therefore

SD
(
g2

1
)
S−1 = SD (g1)D (g1)S

−1 (29)

= SD (g1)S
−1SD (g1)S

−1 (30)

=D (g2)D (g2) (31)

=D
(
g2

2
)

(32)

�

This lemma does not say that an element g and its square g2 are in the
same class (although they might be, as, for example, with the identity I).
Thus we cannot just replace 27 by ∑cncχ(c), where nc is the number of
elements in class c. This will become clearer in the examples below.

For noncomplex representations we found earlier that S is unitary and is
either symmetric (for real) or antisymmetric (for pseudoreal). That is

ST = ηS (33)

with η =±1. From 14, we have

http://physicspages.com/pdf/Group%20theory/Real,%20pseudoreal%20and%20complex%20representations.pdf
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ST = ∑
g∈G

DT (g)XTD (g) (34)

= η ∑
g∈G

DT (g)XD (g) (35)

We take Xi` = δi` as before, and get

∑
g∈G

D (g)`jD (g)ik = η ∑
g∈G

D (g)ijD`k (g) (36)

On the LHS, we set i = j which gives the same expression as 24, so if we
trace this by setting `= k and summing, the LHS is

∑
g∈G

∑
i,k

D (g)kiD (g)ik = ∑
g∈G

χ
(
g2) (37)

On the RHS, setting i= j and k = ` and summing, we get

η ∑
g∈G

D (g)ijD`k (g) = η ∑
g∈G

χ(g)χ(g) (38)

We can evaluate the RHS of this using character orthogonality, in particular,
the relation

∑
g∈G

[
χ(r) (g)

]∗
χ(s) (g) =N (G)δrs (39)

Since we’re dealing with a noncomplex representation, the characters are
real, so for the relations r and s being the same, we have

η ∑
g∈G

χ(g)χ(g) = ηN (G) (40)

Thus for noncomplex representations, we have

∑
g∈G

χ
(
g2)= ηN (G) (41)

We can summarize the tests in Table

Example 1. We can test the condition for the permutation group S4, which
has the character table in Table 2.

To work out ∑g∈Gχ
(
g2), we need to know the classes occupied by the

squares of group elements. See Table 3.
First, consider the 1 representation, where the characters are all 1. To

work out ∑g∈Gχ
(
g2), we first calculate a class member for the square of

each element, which is shown in the column labelled g2 class. We see that

http://physicspages.com/pdf/Group%20theory/Character%20orthogonality.pdf
http://physicspages.com/pdf/Group%20theory/Character%20table%20for%20S4.pdf
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Representation ∑g∈Gχ
(
g2)

Complex 0

Real N (G)

Pseudoreal −N (G)

TABLE 1. Representation tests.

Class

Representation
nc 1 1̄ 2 3 3̄

I 1 1 1 2 3 3

(12)(34) 3 1 1 2 −1 −1

(123) 8 1 1 −1 0 0

(12) 6 1 −1 0 −1 1

(1234) 6 1 −1 0 1 −1
TABLE 2. Character table for S4.

Class

Representation
nc g2 class 1 1̄ 2 3 3̄

I 1 I 1 1 2 3 3

(12)(34) 3 I 1 1 2 −1 −1

(123) 8 (132) 1 1 −1 0 0

(12) 6 I 1 −1 0 −1 1

(1234) 6 (13)(24) 1 −1 0 1 −1

TABLE 3. Character table for S4 with g2 classes.

three of the original classes square to give the identity, and the remaining
two square to give different classes. We can now calculate the test.

∑
g∈G

χ(1)
(
g2)= 1 ·1+3 ·1+8 ·1+6 ·1+6 ·1 = 24 =+N (G) (42)

Thus the 1 representation is real.
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Now consider the 1̄ representation. The sum is

∑
g∈G

χ(1̄) (g2)= 1 ·1+3 ·1+8 ·1+6 ·1+6 ·1 = 24 =+N (G) (43)

This sum needs a bit of explanation. The first term 1 · 1 is obtained be-
cause I2 = I , nI = 1 and χ(1̄) (I) = 1. The second term 3 · 1 is from
[(12)(34)]2 = I , n(12)(34) = 3 and χ(1̄) (I) = 1. Note that we use the char-
acter corresponding to the square of (12)(34) and not the character corre-
sponding to (12)(34) itself.

The third term 8 · 1 comes from the fact that the (123) class squares to
give elements in the same class, n(123) = 8 and χ(1̄) (123) = 1.

The fourth term comes from the fact that (12)2 = I , so we must use the
character for I and not (12). Thus this term is n(12)χ

(1̄) (I) = 6 ·1, and not

n(12)χ
(1̄) (12) = 6 · (−1). The last term uses n(1234) = 6 and the fact that

terms in this class square to give terms in the (12)(34) class, so we must
use n(1234)χ

(1̄) ((12)(34)) = 6 ·1.
We can work out the remaining three representations in the same way.

We have:

∑
g∈G

χ(2)
(
g2)= 1 ·2+3 ·2+8 · (−1)+6 ·2+6 ·2 = 24 =+N (G) (44)

∑
g∈G

χ(3)
(
g2)= 1 ·3+3 ·3+8 ·0+6 ·3+6 · (−1) = 24 =+N (G) (45)

∑
g∈G

χ(3̄) (g2)= 1 ·3+3 ·3+8 ·0+6 ·3+6 · (−1) = 24 =+N (G) (46)

The results are summarized in Table 4. We see that all representations of S4
are real. Note that if we had used ∑cncχ

(r) (c) instead of ∑g∈Gχ
(r)
(
g2),

we would get 0 for all representations except 1, which is wrong.
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Class

Representation
nc g2 class 1 1̄ 2 3 3̄

I 1 I 1 1 2 3 3

(12)(34) 3 I 1 1 2 −1 −1

(123) 8 (132) 1 1 −1 0 0

(12) 6 I 1 −1 0 −1 1

(1234) 6 (13)(24) 1 −1 0 1 −1

Representation type Real Real Real Real Real
TABLE 4. Representation types for S4.
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